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ABSTRACT

A generalized set of hybrid parameters suitable for the construction of higher
order P- stable super-implicit hybrid linear multistep method is presented in this
paper. Based on this generalization, highly stable algorithms for the numerical
solutions of special second order initial value problems (IVP) of ordinary differential
equations (ODE) are derived. Numerical experiments performed on sample problems
revealed that the new method is superior to previous methods.
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1. INTRODUCTION

Our task in this paper is to consider the approximate solutions of special second order I\VP of
the form

y'(x) = £ (X, Y(X)), Y(%) = Yo, V(%) = Yo X<[a,b], (1)

where the first derivative does not appear explicitly. For second order I\VP where the first
derivative appears explicitly and their solutions see [1, 2, 3, 13] and the references therein.
Equation (1) is known to have inherent “periodic stiffness” [10], which makes it difficult to
solve analytically. Numerical methods must be employed to obtain its approximate solution.
There is vast literature on approximate solutions of (1), see [4-11] and the references therein.
The authors in [4] have clearly shown that the barrier on the attainable order of accuracy of P-
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stable linear multistep methods (LMM) can be bypassed if certain hybrid methods are
considered. Furthermore, improving the accuracy of P-stable methods that are highly efficient
for the solution of (1) is often based on: (i) the use of higher derivatives of f(x,y); (ii)

incorporating additional stages, off-step points, super-future points and the likes; see [6, 11]
and the references therein. The idea of super-implicit methods necessitate the use of both the
past, present and future values of the solution values of the ODE, [6]. However, this area of
interest has only received limited attention over the years. Recent works on super-implicit
formulas can be found in [7], [10], [11] and [12]. In particular, [7] and [11] have
independently derived P-stable super-implicit hybrid methods, using a hybrid parameter
suggested in [4]. In this present paper, we introduce a new set of hybrid parameters suitable
for the construction of higher order P-stable super-implicit hybrid linear multistep methods.

A class of methods for solving (1) numerically is the Linear Multistep Methods (LMM),
in which a k-step method is described by

k k
Zaiynﬂ :hzzﬁjf(xmj’ynﬂ)! k>2. (2)
j=0 j=0

The method (2) is characterized by the polynomials p(&) and o (&) defined as

k ) K )
p&)=Yaé!, o)=Y ! ¢eC 3)
j=0 i=0
and assumed to satisfy the following hypotheses;

k
1 a,p eR for j=0(1)k and a, =1, |o|+| 3|2 0; Z‘ﬂj‘io
j=0

2. p and o have no common factor, i.e., (p,0)=1

3. The method (2) is consistent if p(1) = p'@), p"(1)=20(1)

4. The method (2) is zero-stable

Definition 1.1 [10]. The order p of the method (2) is defined for an arbitrary test function,
z(x) as

k k
Zajz(x + jh) - hZZﬁj 2"(x+ jh) = Cp+2h(p+z) (x) +O(h), 4)
j=0 j=0

with error constant given by
1 i q-2 2 i jq—2
¢, == i (i’a;~a(a-14) -
gl : "S-

Definition 1.2 [10]. The method (2) is said to be convergent if it is consistent and zero-
stable.

Definition 1.3 [6]. The method (2) IS called symmetric if
a;=a_; and g =p_;j=01..k

£, 922 ()

Definition 1.4 [10]. The method (2) is said to have interval of periodicity (0,H?)if
for allH? € (0,H?), the zeros of
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(z,H?)=p(z)+H’c(z)=0, H =ilh, (6)

satisfy;

z,=€"M 7z, =M™ | zk |<1,k> 2. (7)
Definition 1.5 [10]. The method (2) is said to be P-stable if its interval of periodicity is
(0,00).

The stability and periodicity interval of numerical schemes for the solution of
second order IVP (1) can be examined by applying the numerical method (2) on
the scalar test equation;

y'+2%y=0, AleR, (8)
which gives the following finite difference equation:

Kk

> A(E7)Yn, =0, £=ith, (9)

r=0

where A(gz) are polynomials in £*.  The characteristics equation of the general
difference equation (9) is described by

k .
M(R&E)=>"A(&)R), k>1 (10)
j=0
As in [6], (10) is thus expected to satisfy the following properties
L AE)#0

2. II(R,&) isirreducible,
oIl
3. I1(,0) =—(1,0) =0,and
(1,0) pr (1,0)
o°Tl
oR?
Recall the super-implicit methods developed in [6] namely;

k K
Z(;aj Yo = hZZ(;bj fn+1+m—j' (ll)
i= j=

The method is called explicit if m < O, implicit if m = 0 and super-implicit for
m > 0, ([6], [12]).

(1,0) % 0.

2. THE PROPOSED METHODS

In this section, we introduce the proposed hybrid parameters and derive a higher
order P-stable Super-implicit method. The newly derived method is an extension of
the work in [12].

2.1. Formulation of HybridParameters

The new set of hybrid parameters considered here are defined on the interval [0,1] as
follows,

iy (12)
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where ,1:% is a particular case suggested in [4] and employed in [7] for the derivation

highly stable formulas. The hybrid parameters u, were tested at every node in the

given interval and found to be consistent for the construction of super-implicit hybrid
linear multistep methods. P-stable methods obtained based on this considerations
have order of accuracy greater than those obtained in [4], [7] and [12]. In some cases
the new methods yield order of accuracy as high as the order of the methods in [11].
Therefore, we refer to (12) as generalized hybrid parameters.

2.2. Derivation of Super-Implicit Hybrid Multistep Method

The proposed symmetric super-implicit hybrid linear multistep method considered in
this paper is of the form

k s

2 2

Zaj (yn+j + yn—j) = hZZﬂj(fnﬂ + fn—j)+h2[ﬂv(fn+v + fn—v) (13)
j=0

j=0
+18u(fn+v + fn—v)]

The method (13) is explicit if s=k -1, implicit when s=k and super-implicit for

s>k with hybrid parameters u,ve[0,1]. Consider a particular example for which

k=4 and s=8, the coefficients «; are arbitrarily chosen, say «,=a, =1 and o, =2,

to satisfy symmetry and zero-stability conditions. So that, 3, j = 0(1)%ﬁv and g,

are then determined. The super-implicit hybrid formula (13) numerically
integrates y,,, and y,,, interms ofthe expressions involving the quantities y,,;and

Y..j- Hence, the corresponding hybrids for (13) include;

Yoew = 205 (Yo + Yoy )+ 0D a; (Fry + By ) (14)
j=0 j=0
K s
2 2
yn Z (yn+J + yn j)+ Z (fn+j + fn—j) (15)
= j=0
v
2
Yors = ZC oy + Y0 DI (F ) (16)
j=0
E E A
y—u:Zdj(ymj+yn—j)+hzzdj(fn+j+fn—j) (17)
i=0 j=0

where k and s are positive even integers and u,v are obtained from (12) to achieve
P-stability. The application of (13) on the scalar test equation (8) will result to

Kk S

2 2
Z(;aj (aj + hzﬂ‘zﬂj)—}_ (yn+j + yn—j) +h2 Z(;ﬂl (yn+j + yn—j) (18)
1= I=

+ 2228, (Yo + Yau) + By (Yo + Vo)1 =0
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Thus, if we substitute y =e'** and z=1h in (18), wehave
k s
Zzl(aj +12°f3,) cos( jz) + ZZ: 2*3; cos( jz) + 2°[ B, cos(vz) + S, cos(uz)] =0 (19)
i=0 j:g+l

Now for k =4 ands =8, the method (13) becomes
Yoz =2Ynu t2Ya =2Yn 1 = You+ Yoo = (20)
hz[ﬁ4( fn+4 + fn—4) + ﬂ3( fn+3 + fn—S) + ﬂZ ( fn+2 + fn—2) + ﬂl( fn+l + fn—l)

+ Zﬁo fn] +h2[ﬂv(fn+v + fn—v) + ﬂu ( fn+u + fn—u )]

Given the choices v =% and u =g , we obtained the following coefficients;

F, _ 5125533389 F, 21551964191 5 3801449647 . 4073330777 (21)
 3891888000° " 5902696800 ' 9156746000' 7  11258259012000°
4641323 | 223234121739010048 5 _ _12331239866368

P ="71a762021600" ©* = 20476310398660125 1 1004380752375

and principal local truncation error as — 11153219171 y® (x)h* +0(h'") .
114891223832985600
Similarly, for k =4 ands =8, the hybrids formulae are obtained as
yn+v = az yn+l + aiyn + aOyn—l + hZ[é4 fn+4 + éﬁ‘s fn+3 + éz 1:n+2 + él fn+l + éo fn] (22)
yn—u = bZ yn+l + blyn + bO yn—l + h2[64 fn+4 + 63 fn+3 + t;2 fn+2 + 61 fn+l + 6O fn] (23)
yn+u = CZ yn+1 + C'lyn + C0 yn—l + h2[64 fn+4 + 63 fn+3 + 62 fn+2 + 61 fn+l + 60 fn] (24)
yv—u = dZyn+l + d1yn + dO yn—l + h2[64 fn+4 + a3 fn+3 + d\2 fn+2 + al fn+1 + ao fn] ' (25)
where the coefficients for the methods (22)-(25) are respectively obtained as follows;
4 - 29423 7441 aQ - 228625 4 - 3826211
° = 147456"™ " 204912"™ " 204912'™ ~ 70778880 (26)
s 349231 4 - 656087 . 1933 4 - 51509
% 4423680 ° 35389440’ % 368640" 70778880
L . . 1278967
and principal local truncation error given by ———— y®(x)h® + O(h%).
P P g y 71345111040 Yo ) ()
175201 b = 82847 | 138337  _ 22121411
O 147456 294912° % 294912" ° 70778880°
322771 ~ 444407 -~ 247 6 21269

0 = b, = b
by 4423680 ° 35389440

T 92160’ ¢ 70778880 @7)
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.- 5788393 .- 1289495 ; _ 24882455 . 135287945
0 18874368' ' 37748736 > 37748736 ° 1811939328’
. 10740691 . 21808709 : 129623 : 1732991

1T T 113246208° 2 905960664’ °  18874368' 1811939328 (28)
_ 26460343 | _ 4210505 | 19382455 . _ 58167674
0 18874368 ' 37748736’ > 37748736  ° 51811939328’ (29)
5 _ 10285691 . _ 18168709 o _ 97123 . 121299
1113246208 7 905969664  ° 18874368  * 11811939328
and principal local truncation error as 969182695 y®@(x)h® + 0(h?).
3652869685248

The stability region of the new method is described by Figure 1, which shows an
indefinite progression along the positive real axis satisfying Definition 1.5.

Im(y)
1x108,

500000

— == : : : : ‘- Ke(x
-1x108 1x10° 2x108 3x10° 4x10° 5x15%()
-500000 '

~1x 108"
Figure 1 The stability plot of the new scheme

3. IMPLEMENTATION OF THE PROPOSED METHODS

In this section, the main task shall be the resolution of the implicitness that is
naturally imposed on (2) by P-stability and carry out numerical experiment to
show the accuracy and efficiency of the new algorithms. The IVP (1) is assumed to
satisfy the Lipschitz condition with reference to y(x) for all xel[a,b], i.e.,

| f(x,y)—f(x,y*)||<L]|y-y=*|, where L is the Lipschitz constant.

The Newton-Raphson’s iterative method in [1,4] has been adopted in our
implementation of the new method to solve the following second order 1VP.

Example 1 (An Orbital Problem: Source [10])
We consider a periodic problem defined by
y" =—y+0.001e" (30)
y(0)=1 y'(0)=0.9995i, i*=-1,

which has analytical solution as

y(x)=u(x)+v(x)
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u(x) = cosx + 0.0005x sinx (31)
v(X) = sinx — 0.0005x cosx
The initial value problem (30) describes a motion on a circular orbit perturbed in the
complex plane such that the point y(x) slowly spirals outward and its distance from the
origin at any given time x is described by

Y (X) = 4/u?(X) +V?(X) (32)

Using the predictor

Yo — 2yn+l +Y, = h2 fn+1’ (33)

the system of equation in (30) can be approximated in the interval [0, 40] which
corresponds to 20 orbits of the points y(x). The integration is then carried out with
uniform mesh sizes

h= zlq q =310 (34)

The numerical performance of our new algorithm are presented in Table 1.

Table 1: Numerical Experiment

g h New Method (20) Error Method in [7] Error Method in [4]  Error
3 & 1.001987 3.63E-5 1.002034 6.20E-5 — —
4 H 1.001979 8.23E-6 1.002003 3.00E-5 1.004118 2.15E-3
5 & 1.001976 9.38E-6 1.001987 3.63E-5 1.002856 8.84E-4
6 & 1.001974 6.78E-6 1.001979 7.70E-6 1.002400 1.3E-4
T ¥ 1.001973 7.78E-6 1.001975 3.84E-6 — —
8 & 1.001972 8.08E-7 1.001973 1.92E-6 — —
9 & 1.001972 8.98E-7 1.001972 9.62E-7 1.002057 8.50E-5
10 o7 1.001972 8.98E-7 1.001972 4.89E-7 — -

The new algorithm (20) is applied to investigate the behaviour of problem (30).
Numerical simulation comparing with its analytical solution is shown in Figure 2:

15

15 T

1 | i |
05 [iR:1 o / \
05 05} \ /

4 al e S By
55 a 28 :; 08 1 1.5 145 E] 0.5 o 05 1 15

Re{H) ez}
Analytical Solution Numerical Solution

Figure 2 Numerical Simulation of an orbital problem comparing with its analytical solution

http://www.iaeme.com/IJMET/index.asp editor@iaeme.com



T.A. Anakel, I.C. Felix, O.P. Ogundile

Example2 (Stiff Oscillatory Problem: Source[11])
Consider the stiff oscillatory problem defined by

y”(t)+m2y(t):8cos(t)+§cos(3t), y(0)=1y'(0)=0, with m=5 (35)

whose exact solution is

y(t)= %(cost +C0s3t + cosbt). (36)

In a similar manner, we implement the system (35) using meshsize h :% att=10r

1\ .

08

. \ / 08

) | | 0s

0z \ = / o

SEWNVIREATN

A\ ENRVAN Eo

: i

u | wf

o |/

10 2 w w0 % e w80 % o o 5 10 15 20 25 30 35 40

Re{H) Re(H)

Analytical Solution Numerical Solution

Figure 3 Numerical Simulation of Stiff Oscillatory Problem comparing with its analytical
solution

4. CONCLUSIONS

In this paper, a generalized hybrid parameter is defined from which we obtained
hybrid parameters to construct higher order P-stable Super-implicit method for the
numerical solution of special second order I\VP with oscillating solutions. The new
algorithms derived using this generalization possess higher order of accuracy and
stronger stability properties that are illustrated in Table 1 and Figures 1, 2 and 3.
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